We study different qualitative properties of the semigroup generated by some degenerate differential elliptic operators on the standard simplex of R d . Some methods are new and are based on the representation formulas of the semigroup in terms of iterates of suitable positive operators. The main result is the ultracontractivity property which is obtained in the setting of weighted L p -spaces. We describe the asymptotic behavior of the semigroup and obtain the compactness property in the same setting and also in spaces of continuous functions.
Introduction and preliminary results
Consider the standard simplex S d of R d Note that we adopt the notation μ d+1 used in [17, 25] in place of μ 0 used by other authors [1, 3, 15] since this will allow us to use some expressions in [25] It can be readily seen that A μ has the following expression, for every f ∈ C 2 (S d ) and The differential operator A μ has been largely studied in some diffusion models in population genetics (see [8, 19, 23, 24] for more details).
As already pointed out by Shimakura [23] , the difficulty in studying this operator resides in the fact that it degenerates on the boundary of S d , which is not smooth due to the presence of sides and corners.
The natural setting for studying the operators A μ are the weighted L p -spaces defined as follows. For every 1 p < +∞ we denote by L p w μ (S d ) the space of all measurable functions f :
equipped with the norm
Observe that the preceding definition applies to each pair of functions f, g : 
generates a bounded analytic symmetric positive C 0 -semigroup (T 2,μ (t)) t 0 , as proved in a more general setting in [8] .
Therefore the semigroup (T 2,μ (t)) t 0 can be extended from
The generator of
Other related properties of the operators A μ in C(S d ) concerning with the generation of a positive C 0 -semigroup (T μ (t)) t 0 can be found in Ethier [19] (see also [20, Theorem 2.8 
, p. 375]).
For the analyticity property in C([0, 1]) we refer to [6, 7, 22] . We point out that (T μ (t)) t 0 is consistent with (T 2,μ (t)) t 0 on C(S d ).
The operator A μ cannot be obtained directly from
Hence, the generation of the semigroups and their qualitative properties depend on the weight w μ .
The aim of this paper is to investigate further qualitative properties of the semigroups
Namely, we prove the ultracontractivity property, the compactness property and describe the asymptotic behavior of the above semigroups.
In order to obtain these results, we combine different tools arising from approximation theory by positive operators and logarithmic-Sobolev inequalities.
More precisely, in Section 2 we use Bernstein-Durrmeyer operators in order to obtain a representation formula for the semigroup in Then with an inductive argument (see [25] ) we get the ultracontractivity property in the general case.
Finally, we collect some consequences, such as compactness property and the asymptotic behavior in L p w μ (S d ) for 1 p < +∞ and in C(S d ). In particular, we show that the semigroup (T μ (t)) t 0 is differentiable in C(S d ).
Bernstein-Durrmeyer operators and spectral representation of the semigroups
In this section we recall the definition and some properties of Bernstein-Durrmeyer operators; using these operators we obtain a representation formula of the semigroup (T 2,μ (t)) t 0 in terms of orthogonal polynomials.
the length of α and we consider the Bernstein polynomial B α : S d → R of total degree |α| defined by putting, for every
If necessary, we shall define the length of α = (α 0 , . . . , α d ) ∈ Z d+1 using the same formula (2.1) and we shall use the convention
Bernstein-Durrmeyer operators have been introduced by Durrmeyer [16] and have been studied by Derriennic [12] (see also [13, 14, 28] ). With respect to the weight w μ , they were introduced by Berens and Xu [3, 4] and in this setting many properties on the simplex have been obtained by Ditzian [15] and also by Berdysheva, Jetter and Stöckler [1] .
It is well known that M n,μ is a positive contraction on L p w μ (S d ) and is self-adjoint with respect to the inner product
Many other properties are listed in [15] (see also [1] ); here, we only mention that M n,μ 1 = 1 and [15, (1.10) ] for the definition and more details). It follows in particular that
In connection with the differential operator A μ , we have that the closure of A μ commutes with the Bernstein-Durrmeyer operators (see [1, Lemma 2] ).
Moreover, the following Voronovskaja formula was established in [12, 13] 
For other properties of the operators A μ we refer again to [1] and [2] [3] [4] [5] 9, 14, 15] . We need to recall some spectral properties of the operators M n,μ (see [1] ). We decompose the Hilbert space L 2 w μ (S d ) using the standard decomposition by means of spaces of orthogonal polynomials; hence, denoting by P m the space of all polynomials of total degree less or equal to m, we have
where E 0,μ := P 0 and, for every m 1,
Theorem A of [1] states that for every n, m ∈ N, the space E m,μ is an eigenspace of M n,μ and M n,μ p m = γ n,m,μ p m for every polynomial p m ∈ E m,μ , where
In particular, for every f = +∞ m=0 p m with p m ∈ E m,μ depending on f (see (2.6)), we have
and consequently, for every k 1,
It also follows that if f ∈ P m we can write f = m j =0 p j with p j ∈ E j,μ (see (2.6)) and consequently, for every n m,
Remark 2.1. We notice that if (j n ) n 1 is a sequence of positive integers with lim n→+∞ j n /n = t ∈ [0, +∞[, then, for every m ∈ N,
Indeed, taking into account that (ν) = (ν − 1) (ν − 1) for every ν 1, for a fixed m ∈ N and n m, we may write
where (see [10, (5.11) 
Hence lim n→+∞ log χ n,m = 0 and this implies that We are now able to obtain a representation formula of the semigroup (T 2,μ (t)) t 0 in terms of orthogonal polynomials.
) and for every t 0, we have
Proof. For every f ∈ P m we can write f = m j =0 p j with p j ∈ E j,μ (see (2.6)) and consequently, using Trotter's theorem [27, Theorem 5.1] and (2.7), we obtain for every t 0,
By a density argument, the proof is complete. 2 Remark 2.3. Hence, the semigroup (T 2,μ (t)) t 0 extends analytically on Δ = {z ∈ C \ {0} | |Arg z| < π/2} by defining
Ultracontractivity of the semigroup
We use the representation of the semigroup (T 2,μ (t)) t 0 obtained in the preceding section in order to prove the ultracontractivity property in L 2 w μ (0, 1) (in the case d = 1). An inductive argument already used in [25] will allow us to extend the ultracontractivity property to the general case.
We need some preliminaries on quadratic forms. Let (X, μ) be a finite measure space and Q(f ) a non-negative quadratic form on the space of real or complex-valued functions in L 2 (μ) defined on a dense subspace D(Q).
We assume that Q determines a logarithmic-Sobolev inequality
for f ∈ D(Q) and every ε > 0, where β(ε) is a monotonically decreasing continuous function. The following result is obtained following the same arguments of Gross [21, Theorem 2.1]; we include the proof for the sake of completeness.
Theorem 3.1. The quadratic form Q satisfies inequality (3.1) if and only if, for every measurable function V : X → R such that e −V 2 < +∞ and for every f ∈ D(Q) and ε > 0, we have
Proof. Assume that the quadratic form Q satisfies inequality (3.1) and let V : X → R be a measurable function bounded above such that e −V 2 < +∞. For every f ∈ D(Q), the integral X −V (x)|f (x)| 2 dμ(x) is well defined and if we apply Young's inequality st s log s − s + e t which holds for s 0 and t ∈ R, to s = |f (x)| 2 and t = −2V (x), we get, for every ε > 0,
which is finite since f ∈ D(Q). Thus |(Vf, f )| < +∞ and
Since (3.2) is homogeneous in f 2 , it is enough to show it in the case f 2 = e −V 2 . Under this assumption, (3.3) clearly reduces to (3.2).
If V is not necessarily bounded above, but satisfies e −V 2 < +∞, we consider the functions V − and V + defined by setting V − (x) = V (x) if V (x) 0 and 0 otherwise, and V + (x) = V (x) if V (x) 0 and 0 otherwise. Then V = V − + V + , e −V − 2 < +∞ and e −V + 2 < +∞ as μ is a finite measure. In particular, V − is bounded above so that (3.2) holds with V − , thereby obtaining that (V − f, f ) ∈ R for every f ∈ D(Q). If we now consider the sequence (V n ) n 1 = (V + ∧ n) n 1 , we have that 0 V n V + and 0 (V n f, f ) (V + f, f ) letting n → +∞ by monotone convergence, and hence we can conclude that
2 → e −V 2 letting n → +∞ by dominated convergence theorem.
Since (3.2) holds with V − +V n (which is bounded above by n) for every n ∈ N, we obtain (3.2) for V letting n → +∞.
Conversely, assume that (3.2) holds whenever e −V 2 < +∞. Let f ∈ D(Q) and consider the function V (x) := − log |f (x)|. Then e −V 2 = f 2 < +∞ and from (3.2) we obtain (3.1) as
and hence
We begin with the case d = 1.
Proof. In the case d = 1, formula (2.9) becomes, for every f ∈ L 2
where
and (p 
where the kernel K (μ 1 ,μ 2 ) (x, y; t) is defined by setting 
(see, e.g., [26, Chapter 4, §4.5, Chapter 7, §7.32]), we obtain that
for every x, y ∈ [0, 1] and 0 < t 1, where
Consequently, combining (3.4) and (3.5),
and hence, by interpolation between (1, ∞) and (2, ∞), we get 6) where the quadratic form (E μ , C ∞ ([0, 1])) is given by
and β(ε) = log c 1 ε −α ; in this case the function M stated in [11, Corollary 2.2.8] is given by
Following an idea of Stannat [25] , we are able to extend the preceding result to the multidimensional case by showing the validity of the following logarithmic-Sobolev inequality:
for every f, g ∈ C ∞ (S d ) and ε > 0 with β(ε) a monotonically decreasing continuous function, where (E μ , C ∞ (S d )) is the quadratic form given by
We recall that in [25, Lemma 2.7] Stannat proved that the quadratic form (E μ , C ∞ (S d )) satisfies a tight logarithmic-Sobolev inequality, but this is not sufficient to obtain ultracontractivity (see [11] ). 8) for every f ∈ C ∞ (S d ), and Let f ∈ C ∞ (S d+1 ). Then, using (3.8),
Now, we consider the function V (t) := − log (f • T )(t, ·) 2,μ and observe that
Since E μ satisfies inequality (3.9), we can apply Theorem 3.1 with
and obtain, for every z
log f 2,μ and therefore
Combining inequalities (3.7), (3.11) and (3.12), we obtain that logarithmicSobolev inequality in the general finite dimensional case, which is different from the one given in Theorem 3.5. The difference is that the tight logarithmic-Sobolev inequality proved by Stannat does not imply in general the ultracontractivity of the semigroup (cf. [11] ).
Moreover, we recall that in the case μ i > −1/2 the ultracontractivity of the semigroup (T 2,μ (t)) t 0 has been also obtained by Shimakura in [24, Proposition 6.2] . More precisely, Shimakura proved that the kernel K μ (x, y; t) of the semigroup (T 2,μ (t)) t 0 satisfies a point wise upper bound of the following type: K(x, y; t) Ct −α for every x, y ∈ S d and 0 < t T (with T ∈ ]0, +∞[), where α is a positive constant depending only on μ and on d. 
